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Abstract: The present paper offers a systematic study of the dispersive concatenation model, with special emphasis
on the Kerr law nonlinearity that governs the optical interactions of photons in optical fibers. The model is studied in
the environment of multiplicative white noise via the use of 1t6 Calculus, a stochastic method that significantly impacts
the system’s dynamics. To deal with the resulting complexities generated both in the form of the noise and the nonlinear
dispersion, the F-expansion method is used to find the solutions of the governing equations. The strong mathematical
background enables the successful identification of a wide range of optical soliton solutions, while special emphasis is
given to their stability and their conditions of propagation in such environments.

Keywords: F-expansion, dispersion, white noise, solitons, concatenation

MSC: 78A60, 81V8&0

1. Introduction

The concatenation model, presented in 2014, is another important nonlinear evolution equation in the optical physics
domain. It was synthesized as an integration of three already known systems, namely the Nonlinear Schrodinger Equation
(NLSE), the Lakshmanan-Porsezian-Daniel (LPD) model, and the Sasa-Satsuma equation. The composite model, in
essence, does capture basic nonlinear and dispersive properties that govern the optical fiber’s pulse propagation. A later
extension of the model, the so-called dispersive concatenation model, improved the system further through the emphasis
of the higher-order dispersion through the integration of the Schrédinger-Hirota Equation (SHE), the LPD model, and the
fifth-order NLSE [1, 2].

These models, since their introduction, have been of significant interest, particularly concerning exact optical soliton
solutions and the corresponding conservation laws. Utilizing methods such as the multipliers approach, researchers have
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studied conserved quantities such as energy and momentum, thus expanding the awareness of the dynamics of the soliton
in the context of various physical phenomena.

A significant amount of research has examined various versions of the concatenation model, including those with
and without Self-Phase Modulation (SPM), whereas Spatio-Temporal Dispersion (STD) and Chromatic Dispersion (CD)
are also considered. These factors are critical in the correct simulation of long-distance pulse evolution and addressing
problems such as the constraint of bandwidth in optical communications. Stable soliton solutions have been realized in
scenarios involving both Kerr and power-law SPM, and in the absence of SPM, evidencing the robustness of the solitons in
a wide range of nonlinear conditions. In the various analytical approaches, the Laplace-Adomian decomposition method
has proved useful in the estimation of soliton solutions and examining their dynamics in complicated environments.

Building on this foundation, the present study explores the dispersive concatenation model under the influence of
Multiplicative White Noise (MWN). The stochastic nature of MWN is modeled using It6 calculus, providing a rigorous
framework for accounting for environmental randomness. This approach reflects the practical reality of optical systems,
where fluctuations due to quantum, thermal, or external factors cannot be ignored.

To derive soliton solutions within this stochastic setting, we apply the F-expansion method, a robust analytical
technique that expresses solutions in terms of Jacobi elliptic functions. In the limiting case (modulus approaching unity),
these solutions reduce to classical hyperbolic solitons. The results reveal a broad spectrum of soliton profiles with varying
stability characteristics, presented in detail in the following sections.

The novelty of this study lies in applying the dispersive concatenation model under Kerr-type SPM and stochastic
perturbations, a combination that has received limited attention in the literature. The use of the F'-expansion method in
this context enables the construction of diverse soliton families and offers deeper insight into soliton dynamics in noisy
environments.

Physically, the findings illustrate how solitons can persist and evolve under realistic, noise-affected conditions. The
interaction between dispersion and stochasticity is particularly relevant for designing resilient optical communication
systems, where maintaining signal shape and integrity is essential. The results offer theoretical guidance for improving
long-distance, high-capacity data transmission in fiber networks.

Thus, this work advances both the modeling framework and solution methodology for stochastic nonlinear optics.
It lays the groundwork for further exploration of soliton behavior in complex, noise-dominated media and points toward
new directions in optical system design and photonic device engineering.

1.1 Governing model

In this study, we introduce a novel dispersive concatenation model that incorporates the Kerr law of SPM and accounts
for MWN effects. The governing equation is formulated within the framework of It6 calculus, which is widely used to
handle stochastic differential equations involving random perturbations. The model is given by [3]:

ig +aqe +blq)> q—i8 [quxxerGzlq\qu +0qW(r)
2 4 2 2 % * 2
+ & {03‘]xxxx+04‘Q| qxx+ 059" g+ 06 |qx|” g+ 07939 +6861qu} (1)

— i [69qxxm +610|9]* geer + 011 |9 4 + 01246:G 5 + 01397 GxGrx + 012945 + O1597¢ | = O.

Here, g(x, t) represents the complex optical field envelope, with x and 7 denoting the spatial and temporal coordinates,
respectively. The coefficients a and b model the CD and the Kerr nonlinearity, forming the basis of the NLSE. Higher-order
effects are included via the parameters §;, &;, 03, corresponding to third-order, fourth-order, and fifth-order nonlinear
terms.
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The third-order contribution 8; introduces gy, and a nonlinear term \q|2qx, reflecting third-order dispersion and
nonlinear dispersive effects. The fourth-order terms (&) bring in the terms of gyyxy, |q|2 Gxx, and |q|4 g, enabling complex
nonlinear interactions that go beyond the standard models. The fifth-order terms (83 ), in turn, continue to enrich this
model further through high-order dispersive and nonlinear terms, such as gy, and |q|4 gy, that capture the sophisticated
dynamics of ultrafast pulse propagation.

The stochastic disturbance is given by the expression cgW, (), in terms of o, the parameter that determines the
characteristics of the noise intensity, and the standard Wiener process is given below

W) = [ Amaw(n)

Here, A(7n) is Gaussian white noise. This is the physical jitter inherent in the medium, including random variation
in refractive index that impacts the optical pulse’s dynamical evolution. These random variations in turn will change
the amplitude, shape, and robustness of solitons; therefore, including them is critical for realistic modeling in practical
applications, such as fiber lasers and communication systems in the presence of noise.

The combination of stochastic perturbations with deterministic nonlinear dynamics allows for an in-depth study of
the motion of solitons in applicable scenarios. Utilizing the It approach, this research carefully covers these deliberations
and lays the ground for deriving accurate analytical results in stochastic settings.

In the paragraphs that follow, we apply the F-expansion method in obtaining accurate soliton solutions and analyzing
their physical consequences. The approach offers a unified platform for the study of the stability and properties of the
solitons in the presence of noise in optical telecommunication systems.

2. F-expansion approach

The equation is given as

G(qa 9x; 9ty 9xty Gxx, ) =0. (2)

Here, g(x, t) refers to the envelope of the optical field, considering the spatial parameter x in addition to the temporal
parameter . The given mathematical expression summarizes the fundamental dynamics of the system, depicting the
evolution of the optical field considering different nonlinear and dispersive effects.

We introduce the transformation of the propagating wave described in the form

q(x, 1) =U(&), & = k(x—w). €)

Here, v is the velocity, k is the wave width, while & is the new variable. By substituting this transformation into
equation (2), the governing equation is reduced to an Ordinary Differential Equation (ODE) of the form

P(U, —kvU', kU', K*U", ...)=0. 4)

Step 1: To obtain exact solutions to equation (4), we assume a solution representation in the form
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U(g) = gBiF" €, )

where B; are constants to be determined and F () satisfies the auxiliary equation

F'(&) = \JPF*(§) + OF? (£) +R. (©)

This equation provides a framework for constructing soliton solutions using known functions.

The functional forms of F (&) corresponding to different types of soliton solutions are obtained from equation (6)
and summarized as follows:

F(&)=sn(E)=tanh(&), P=m?, Q=—(1+m*),R=1,m— 1",
F(€)=ns(&)=coth(&),P=1,0=—(14+m?), R=m*, m— 1",
F(&)=cn(&)=sech(&), P= —m2, Q:2m2— I,R=1 —m2, m— 17,

F(&)=ds(&)=csch(&), P=1,0=2m*—1,R=-m*(1-m?), m— 1",

(7
1 m2—2 m?
F(£)=ns(8)£5(&) = coth (§) & esch (&), P= 3, 0= "2 R="0 m =17,
m2 m2—2 2
F(é):sn(é)j:icn(é):tanh(é)j:isech(é),P:T,Q: 3 ,R=— m—17,
~sn(§)  tamh(§) _ m®  m?-2 m? _
F(5>_1idn(§)_1isech’ P_T’Q_ 2 R=7 m= 1

Here, sn(&), en(§), dn(&), ns(&), and ds(&) denote Jacobi elliptic functions associated with the modulus 0 < m < 1.
In the limit m — 17, these functions reduce to hyperbolic functions, describing bright, dark, and singular solitons. The
constants B; are determined based on the balancing principle applied to equation (4).

Step 2: Substituting expressions (5) and (6) into equation (4) results in an algebraic system of equations. Solving
this system allows for the determination of the unknown constants, including B;, ensuring that the solutions satisfy the
original governing equation. These results provide an extensive classification of optical solitons, including bright solitons,
dark solitons, singular solitons, and complex-valued solutions, revealing the rich nonlinear wave dynamics governed by
equation (2).

3. Optical solitons

Equation (1) governs the optical field envelope, which is expressed as

Co iporary Math tics 5446 | Yakup Yildirim, et al.



qlx, 1) =U(E)e™ 1), (8)

where the variable transformation

& =k(x—wr), )

is introduced to represent the wave profile in a moving frame with velocity v. The corresponding phase function is given
by

d(x, t) = —kx+ ot +oW(r) — 6°t + 6. (10)

In this formulation, @ denotes the wave number, k represents the soliton frequency, and 6y is an arbitrary phase
constant. The parameter ¢ accounts for the noise coefficient, while v represents the velocity of the soliton. The term W (r)
corresponds to a Wiener process, modeling the influence of MWN in the system.

To derive the governing equations for the amplitude U (&) and the phase function ¢ (x, t), equation (8) is substituted
into equation (1). By separately equating the real and imaginary components, one obtains the following coupled equations:

K2 (1009K>83 — 603k28, — 301 k8) +a) U +k* (038, — S09K83) UY
+ (k* (038, — 09k 83) + 01K 8) —ak® + (62 — ©) ) U + (058, — 611k83) U?
+ (k% ((610 + O12 + O13 — O14 — O15) k83 — (04 — O + 07 + Gg) &) — 02k8) +b) U? (11)
+ Kk ((04+03) & — (3010 + O12 + 013 — 014) K83) U*U”
+ k2 ((2012 — 2(013 + O14) — O15) K83 + (0 + 07) &) UU* = 0,
and
k(—500k*3; +403K° & +301K%8 — 2ak —v) U’
—098:k°UD) — I3 (2K (2038, — 509K 83) 4+ 618 U — 011k U*U’
(12)
— 01085V U — 6158K°U" — (012 + 013 + 014) SKUU'U”
—k(x((—=30104 012 — 3613+ O14 + 015) K83 + 2 (04 + 67 — 03) &) + 628, ) UU’ = 0.

From equation (12), the velocity is established:
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v=403k°8 4 301 K>8; — 2ax. (13)

Additionally, the frequency is found to be

(202,03 +01(04+07—03)) &

= 20101363 7 (9
alongside parametric constraints
0y = 019 = 011 = 015 =0, (15)
o2+ 013+ 014 =0, (16)
and
01362818 +203 (20,03 + 01 (04 + 07 — 03)) 67 = 0. (17)

Thus, Eq. (1) simplifies to
ig: +aqe+blq)*q—i8 [quxxx+62|q|2cbc:| +0ogWi(t)
+8 [ O3q e + 04 q] g + 05 |4l* g+ 6 . > g+ 0143q" + 0vnd” (18)
—163[01294xq5x + 0139 qxqxx + 01494 qxx] = 0,
and Eq. (11) becomes
I (—603K°8) — 301 K8 +a) U +k* (2014k83 + 04,8, + 03 &) UU”
+ (03x*& + 016781 —ax® + 6% — @) U + o3k* HU W
(19)
+ (—2014K7 8 — 04K>8, + O k> & — 07K° & — O3 K> 8, — 02k +b) U?
+ Kk (—4(013 + 614) K83 + 082 + 078,) UU™ + 056,U° = 0.

Also, Equation (19) transforms into
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KU 4 AUU" + AsU" + AUU"? + AU + LU + MU =0, (20)

with

I T G3K452+0'1K351—a1<2+(02—w)
3_63]{2) 1= 0'3](262 )
A b—Kk(x(2014k8; + (04 — O+ 07+ 03) 62) + 0201
2 = )
63/(282
A= (66+G7)52—4(613+014) K53’ @1)
036
-3k (2038 +0181) +a
)LS = )
036
_ 2014k83 4 (04 + G3) &
Ao = ;
036

with 03 # 0, k # 0 and &, # 0. From the requirement that U and U®*) are in balance within equation (20), we derive
N =1, yielding

U(E)=Bo+BiF(&). 22)
After substituting (22) and (6) into (22), the equations are derived as:
Bo>A3 +RBoB1*A4 +Bo* X2 + BoAy =0,
12 PRK*B) + OBy*Bi A + O’k*B; + OB As + RB1* A4 + 5By*B1As + 3By*Bi Ay + Bi A =0,
10By>B1?A3 4+ QBB % A4 + 2 OByB;*A¢ +3BoB1* A, =0,
(23)

10B%B 323 + 20 POI* B +2PBy>Bi As + OB13 A4 + QB> As + B1> Ay +2PBy As = 0,

5BoB*A3 + PBoB? A4+ 4 PByB;*A¢ = 0,

B1523 +24P2k*B) + PB’ A4+ 2PB A6 = 0.

Through solving (23), the following expressions are revealed:
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P 2PAsRAy — Q*Mads — Q% Ashe — QA As — QA As — Qhods — A Ay
8PORA4 —12PQRAs — Q3 A4 — Q346 — 12PRA, — 0?1 ’

Bo—0. Br— 4] —24P’RAs + 18 PQ*As +20 POA
0= BT TS PORA — 12PORAs — 0% — 0%k — 12PRA; — 01y
24

12 PAsRAs — 24 PRAsAg — 3 Q*Muds +60*AsAg \ [8PORA4 — 12PQORAs — Q> A4

—20M A4 +80MA¢ — 120MAs — 1241 A2 — Q*A — 12PRA; — O* 1y
2 (1441321%2%2 —216PO?RAs> + 81 0*As% — 240 PORA, As + 180 0321 s + 100 Q%Z) '

Result 1:
From (7), Eq. (24) is modified to

P _1112721114721116721215 +2)LSA4+4A,5/'1,6
N 16> +8A4 —32 26 ’

_ _ Sh—624s (25)
Bo=0, B jE\/ 22+ M — 40

(BMAr — Ay +4 A A6 —6A2A5) (2 A2+ A4 — 4 Ag)
2522 — 60 A As + 36 A5

As =

Accordingly, the mathematical expressions for dark and singular solitons take the form

- SA1—62s
a(x, I)_i\/_uﬁ/u—uﬁ

7)»12.2 —2MA —2A1A6 —2 A2 A5 +2A5A4 +4 AsAg
164, +8A4 —32 ¢

X tanh (26)

x (x— (403 & +301K28; —2axk) 1)

i —(726203261(64367768))82x+wt+ch(t)—62t+60
X e 0101353

)

and
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- 51— 645
q<x7 t) =+ \/_2124—/14 —4 A6

_l]ﬂ,z —2MA —2A A6 —2 A0 As +2A5A4 +4 AsAg
16, +844 —32 24

x coth (27)
x (x— (403K & +301K%8, — 2aK)1)
,-(, (-20y03+01(04+07-03))3 x+(1)t+6W(t)7621+60)
% e 20101383
The waveforms expressed in equations (26) and (27) are constrained by the parameters:
(541 —624s5) 2L+ A4 —426) <0,
(28)
(MA2 =2 A4 — 24146 — 2 A5 + 2 As A + 4 AsAe) (16 A2 + 844 — 32 4¢) < 0.
Result 2:
With (7), Eq. (24) converts into
k= /=i 175, Bo—0, By — |~ 21845
= 1 5), B0 =Y, 1= 12+)~4+167
1220227 + 14 0 20 Ay +4 41 A 2e + 2 A1 A4% — 6 A1 Agdg — 8 A1 Ao (29)
N + 122275 + 1542 A s +6 Ao As A +3 Aa* As — 3 haAsAs — 6 A5 A6”
3 =
2 (100)L12 180, A5 +81 152)
Furthermore, the solution for the bright soliton takes the form
_ [ 204 + 1825 3 2
q(x, t) =+ —m x sech |:\/ — (A] +A§) ()C— (4G3K 62 +301 K 61 — 2(11() t)i|
(30)

i(— (220203 - (54257768”62 x+a)t+GW(t)—Gzr+80>
% e 0101353 )

The wave form expressed in (30) is constrained by the relations:
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(2041 +18245) (A + A4+ 2A6) <0, A1 +45<O. 31

Result 3:
With (7), Eq. (24) is modified to

[20A; + 1845
k=4+v/—(A+A5), Bg=0, Bj =44/ —-+—
vV —(M+2s), By , D1 Mot et e

12422 + 14 M Ao As +4 A Ao Ae + 241 A4” — 6 A1 Aade — 8 i As” (32)

+ 120225 + 15 Aads + 6 Ao AsAe + 3 AaAs — 3 AadsAg — 6 AsAg>

2'3 = 2 2
2(100/11 +180 A5 + 81 As )

Accordingly, the singular soliton is represented by the solution

B 204 + 18 A5 3 2
q(x, 1) _i,/m x esch [\/— (M +2s) (x— (403638, + 361 K28 — 2ax) t)]

i<7 (—20y03+0 (0-4+67768>)52x+a)t+o‘W(t)70'2t+9()>
Xe .

(33)

20101383

Equation (33) defines the wave form, subject to the constraint relations:

(2041 +1824s) (A2 +As+2A6) >0, A1+ 45 <O0. (34)

Result 4:
Utilizing (7), Eq. (24) changes to

P _81]&2 —4MA — 4 MAg — 4 A5+ AsAs +2 A5
N 8+ Ay —4 2 ’

204 —62s
- =y T 35
By =0, B i\/ STt i —ai (3%5)

e (12220 = M +4 203 — 6J0s) (830 + A4 — 4 o)
3 = .

4 (100112 — 602 As +9/152)
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Accordingly, the solution that represents the straddled singular-singular soliton is

_ 2041 — 625
q(x, 1) _i\/_812+l4416

78112,2—42,12,4—41126—412&5 + AsAs +2A54¢
8N+ A4 —4 A
coth
x (x — (403K & +301K%8 —2aK)t)
X (36)
_8%1)&2—4}\,114—41116—412154-2,5144—2}{516
8L+ —4 4
+csch
x (x— (403K & +301 K28 —2aK)1)

i<7 (7262632(;1(6“67768))52x+wt+oW(t)—c72t+90>
X e 10139 )

Moreover, the complexiton solution is formulated as

_ 2041 — 645
qlx, 1) =+ \/_812+l44l6

78}1,12,2—4}\,114—42,116—41215 + AsAs +2 546
8+ A4 —4 A
tanh
x (x— (403K 8 +301K%8) — 2aK)t)
X (37)
_82,1)‘2—41114—411)%—41215 4+ AsAq +2 546
8N+ Ay —4 A
+isech
x (x— (4G3K362+30'1 K28 —2axK)t)

i —(726263261(64267768))62x+wz+cW(t)fczz+90
% e 0101353 )

Furthermore, the dark-bright soliton takes the form
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B 204 — 615
a0 t)_i\/_812+7t4—47t6

\/_smz — 4 — 42ads — 4dads + Ashs + 245

8+ A4 —4 A
tanh
— (403K°8, 4+ 301 K%8; —2
} X (x = (403678, +301K°8) —2ax) 1) (38)
_811&2—41114—411%—41215—&-15144—215/16
8L +A —4 A
1+sech

x (x— (403 K38, +301K%8, — 2ax)1)

i<7<720203+2(;1(:4367768»52x+a)t+o‘W(l)70'2t+90>
Y e 10138 )

Equations (37)-(39) define the wave forms, constrained by the parameters:

(20/11 —62,5) (812—1—},4 —416) <0,
(39)
(81112 — 40\ —47L]/'1,6 —412/15 —|—l5l4+27t5/16) (8124—/14 —4&6) <0.

4. Results and discussion

This section analyzes the soliton behaviors illustrated in Figures 1-15, covering dark, bright, and hybrid dark-bright
solitons under varying noise levels (o) and time steps (+ = 2.1 to 3.0). All simulations use a consistent parameter set to
ensure comparability across cases. They are: g =1, w=1, =1, =1, o04=1,03=1, =1, 01=1,07 =1,
ogs=1,03=1,0=1l,a=1Lk=1,066=1,04=1,andb=1.

Based on solution (26), the evolution of dark solitons is presented with increasing MWN levels. Figure 1 shows the
soliton profile without noise, highlighting its typical intensity dip through 3D, contour, and 2D plots. As ¢ increases from
2 to 5 (Figures 2-5), the soliton undergoes gradual deformation: its central dip broadens, amplitude decreases, and phase
coherence weakens. These effects reflect the soliton’s sensitivity to noise, particularly in its spatial structure.

Described by solution (30), bright solitons display a pronounced intensity peak in the noise-free case (Figure 6).
With increasing noise levels (Figures 7-10), the peak becomes less localized and loses height, while the surrounding
region broadens. The 2D and contour plots illustrate these changes clearly, indicating a more pronounced degradation
compared to dark solitons.

Solution (39) governs the hybrid structures combining both dark dips and bright peaks. Without noise (Figure 11),
these solitons maintain distinct features of both types. However, with rising ¢ (Figures 12-15), the contrast between dark
and bright regions diminishes. The bright peak spreads, and the dark trough becomes shallower, leading to a more uniform,
less defined structure.

Across all soliton types, MWN disrupts localization and coherence. Dark solitons are relatively robust but eventually
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lose contrast. Bright solitons are more susceptible, showing early and significant deformations. Dark-bright solitons
exhibit combined instability effects. These results confirm that MWN plays a critical role in soliton stability, with
implications for real-world optical systems where noise cannot be neglected.

@ (®)
lg (v, 0l

(d O}

2 3

@® )
Im(q (x. 1)

LooL
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Figure 1. A dark soliton given ¢
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Figure 2. A dark soliton given o =2
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Figure 3. A dark soliton given 0 =3
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5. Conclusions

This study investigates optical solitons governed by the dispersive concatenation model, which captures the interplay
of dispersion and nonlinearity in optical fibers. The model incorporates the Kerr nonlinearity and MWN, the latter modeled
using Itd calculus to represent real-world fluctuations such as thermal and environmental noise.

To find analytical solutions, the F-expansion method is applied, yielding a variety of soliton structures including
bright, dark, singular, and hybrid solitons. The results indicate that MWN primarily affects the soliton phase, leaving the
amplitude largely unchanged. This has important implications for phase-sensitive systems in optical communications.

Figures 1-15 illustrate the soliton dynamics under varying noise levels. Dark solitons become shallower and broader,
bright solitons experience peak deformation, and hybrid solitons show mixed effects. These visual results support the
analytical findings and highlight the destabilizing role of noise.

Compared to previous studies focused on deterministic or noise-free scenarios, this work presents a more realistic
perspective by combining nonlinear dispersion and stochastic perturbations. The broader solution set obtained via the
F-expansion method offers deeper insights into soliton behavior under noisy conditions. The similarity of our research
to the study described in [3] is limited to the common concern for the same model equation. The methods used, however,
are significantly different. The study mentioned, identified as [3], uses a sophisticated direct algebraic method, whereas
our paper proposes the use of the F-expansion method. These are different and independent methods. In addition, our
study offers completely new results that are not considered in the framework of study described in [3]. In addition, the
work introduced in reference [3] is solely focused on presenting solutions, including no graphical analysis. In contrast,
our paper provides a thorough analysis of the solution results, including the use of graphs. More specifically, we have
included graphs that describe the effect of multiplicative white noise on the soliton solution results. These graphically
illustrated results are thoroughly investigated in the results and discussion section, in which we highlight the physical
importance of all the new solution results.

Future work may extend the model by incorporating power-law SPM or analyzing its behavior in advanced optical
media such as dispersion-flattened fibers, birefringent systems, and photonic crystal structures [4—14]. These directions
aim to deepen our understanding of soliton robustness in practical settings and broaden the model’s applicability to
emerging optoelectronic technologies.
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